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On the conditions to extend Ricci flow(III)
Xiuxiong Chen∗, Bing Wang†
1 Introduction
In this paper, we develop some estimates for the Ricci flow. Some of them are the improved ver-
sions of the estimates in [16], some of them are purely new. These estimates are useful in the study
of Ricci flow with bounded scalar curvature. In particular, they have applications in the extension
problem of Ricci flow and the convergence of the Ka¨hler Ricci flow.
Suppose {(Xm, g(t)), t ∈ I ⊂ R} is a Ricci flow solution on a complete manifold Xm. Following
the notations of [16], we define
Og(t) = sup
X
|R|g(t), Pg(t) = sup
X
|Ric|g(t), Qg(t) = sup
X
|Rm|g(t).
If the flow g is obvious in the content, we will drop the subindex g. We first state the improvement
of the estimates in [16].
Theorem 1 (Riemannian curvature ratio estimate). There exists a constant ǫ0 = ǫ0(m) with the
following properties.
Suppose K ≥ 0,
{
(X, g(t)),− 18 ≤ t ≤ K
}
is a Ricci flow solution on a complete manifold Xm,
Q(0) = 1, and Q(t) ≤ 2 for every t ∈ [− 18 , 0]. Suppose T is the first time such that Q(T ) = 2, then
there exists a point x ∈ X and a nonzero vector V ∈ TxX such that∣∣∣∣∣∣log
〈V,V〉g(0)
〈V,V〉g(T )
∣∣∣∣∣∣ > ǫ0. (1)
In particular, we have ∫ T
0
P(t)dt > ǫ0. (2)
Consequently, we have
Q(K) < 2
∫ K
0 P(t)dt
ǫ0
+1
. (3)
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Theorem 2 (Ricci curvature estimate). Suppose
{
(X, g(t)),− 18 ≤ t ≤ 0
}
is a Ricci flow solution
satisfying the following properties.
• X is a complete manifold of dimension m.
• |Rm|g(t)(x) ≤ 2 whenever x ∈ Bg(0)(x0, 1), t ∈
[
− 18 , 0
]
.
Then there exists a large constant A = A(m) such that
sup
Bg(0)(x0 , 12 )×
[
− 116 ,0
] |Ric| ≤ A‖R‖
1
2
L∞
(
Bg(0)(x0 ,1)×
[
− 18 ,0
]). (4)
The constants 18 ,
1
16 in Theorem 1 and Theorem 2 are chosen for the simplicity of applications.
They can be replaced by other constants C, C2 . Then of course ǫ0 = ǫ0(m,C), A = A(m,C). After
we obtain these two universal dimensional constants ǫ0 and A, we can apply them to improve the
estimates of the constants in other theorems in [16]. For simplicity, we will not list these improve-
ments term by term. Here we give some new applications.
Corollary 1 (Ancient solution gap). Suppose {(Xm, g(t)),−∞ < t ≤ 0} is a non-flat, ancient Ricci
flow solution such that lim sup
t→−∞
Q(t)|t| < ∞. Then
lim sup
t→−∞
P(t)|t| ≥ ǫ0log 2 . (5)
Corollary 2 (Shrinking soliton gaps). Suppose (Xm, g) is complete, non-flat Riemannian manifold.
If (Xm, g) satisfies the shrinking Ricci soliton equation
Ric +LVg −
g
2
= 0 (6)
for some vector field V, sup
X
|Rm| < ∞, then
A
√
sup
X
|Rm| ·
√
sup
X
|R| ≥ sup
X
|Ric| ≥ ǫ0log 2 . (7)
Inspired by the proof of Theorem 1 and Theorem 2, we also study the volume ratio for Ricci
flow with bounded scalar curvature and equivalent metrics (c.f. Proposition 3.1 and Proposi-
tion 2.1). It turns out that the volume ratio upper bound can be obtained even if the metric equiva-
lence is absent. Of course, some other conditions are required as price.
Theorem 3 (volume ratio estimate). Suppose {(Xm, g(t)),−1 ≤ t ≤ 0} is a Ricci flow solution on a
closed manifold Xm with the following properties.
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• µ(g(t), θ) ≥ −B for every t ∈ [−1, 0], θ ∈ (0,−t].
• −σ− ≤ R ≤ σ+ on X × [−1, 0].
Then we have the volume ratio estimate
Volg(0)
(
Bg(0)(x0, r)
)
≤ C(m, σ−, σ+, B)rm, (8)
for every x0 ∈ X, r ∈ (0, 1]. Here C(m, σ−, σ+, B) ≤ (4π) m2 e1+(σ−+
1
3σ+)+2
√
B+(σ−+ 13σ+)+m2 log 43
.
Corollary 3. Suppose {(Mn, g(t)), 0 ≤ t < ∞} is a Ka¨hler Ricci flow solution in the class 2πc1(M)
for some Fano manifold Mn. Then there is a constant C = C(n, g(0)) such that
Volg(T )(Bg(T )(x0, r), r) ≤ Cr2n
for every x0 ∈ M, r ∈ (0, 1], T ∈ [0,∞).
Remark 1. Corollary 3 generalize the volume ratio upper bound in [6] to high dimension. How-
ever, the constant C is not as precise as that of [6] when r is small. Corollary 3 and part of
Theorem 3 overlaps the main result of [18].
The organization of the paper is as follows. We prove the curvature estimates (Theorem 1
and Theorem 2) and their applications in section 2, the volume estimate (Theorem 3) and its
applications in section 3.
Acknowledgment The second author would like to thank Jeffrey Streets for helpful discussions
during the preparation of this paper.
2 Curvature estimates
Theorem 1 is indicated by the following Proposition, which is more general.
Proposition 2.1. For every δ > 0, there exists a constant ǫ = ǫ(m, δ) with the following properties.
Suppose that
{
(Xm, g(t)),− 18 ≤ t ≤ 0
}
is a Ricci flow solution on a complete manifold Xm such
that Qg(0) = 1 and Qg(t) ≤ 2 for every − 18 ≤ t ≤ 0. If
{
(Xm, h(t)),− 18 ≤ t ≤ 0
}
is another Ricci
flow solution on X such that Qh(t) ≤ 2 for every − 18 ≤ t ≤ 0 and e−ǫg(0) ≤ h(0) ≤ eǫg(0), then we
have
∣∣∣log Qh(0)∣∣∣ < δ.
Proof. If this proposition were wrong, there should exist a constant δ0 and constants ǫi → 0
with corresponding Ricci flows
{
(Xmi , gi(t)),− 18 ≤ t ≤ 0
}
and
{
(Xmi , hi(t)),− 18 ≤ t ≤ 0
}
violating the
statements.
• Qgi(t) ≤ 2 for every − 18 ≤ t ≤ 0, Qgi (0) = 1.
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• Qhi(t) ≤ 2 for every − 18 ≤ t ≤ 0, | log Qhi(0)| ≥ δ0.
• e−ǫi gi(0) ≤ hi(0) ≤ eǫi gi(0).
From the first and the second property and the definition that Q(t) = sup
X
|Rm|(·, t), we can choose
points zi ∈ Xi such that 
max
{
|Rm|hi(0)(zi), |Rm|gi(0)(zi)
}
≥ e−2δ0 ,∣∣∣∣log |Rm|hi(0)(zi)|Rm|gi(0)(zi)
∣∣∣∣ ≥ 12δ0. (9)
By the uniform curvature bound, the conjugate radii of zi under the metrics gi(0) are uniformly
bounded from below by 2c0 = 2c0(m). Let S be the standard ball in Rm with radius c0, ϕi be the
exponential map from Rm = Tzi Xi to (Xi, gi(0)). Clearly, ϕi is a local diffeomorphism from S to
ϕi(S ). We can use ϕi to pull back the metrics:
g˜i(t) , ϕ∗i gi(t), ˜hi(t) , ϕ∗i hi(t). (10)
By Shi’s local estimate along the Ricci flow, we have
|∇kRm|gi(0) ≤ C(m, k), |∇kRm|hi(0) ≤ C(m, k).
It follows that
|∇kRm|g˜i(0)(p) ≤ C(m, k), |∇kRm|˜hi(0)(p) ≤ C(m, k), ∀ p ∈ S , k ∈ Z+ ∪ {0} . (11)
Note that in jg˜i(0)(o) ≥ 2c0. Combining this with the fact that |Rm|g˜i(0) ≤ 2 implies that Volg˜i(0)
(
Bg˜i(0)(p, c04 )
)
is uniformly bounded from below for every p ∈ S . In light of the metric equivalence, we know that
Vol
˜hi(0)
(
B
˜hi(0)(p, c02 )
)
is uniformly bounded from below for every p ∈ S . Therefore, the estimate
of Cheeger-Gromov-Taylor (c.f. [4]) applies and we have
in j
˜hi(0)(p) ≥ c1(m) > 0, ∀ p ∈ S .
Now we collect the information we have
min
{
in jg˜i(0)(o), in j˜hi(0)(o)
}
≥ c1(m) > 0,
max
{
|∇kRm|g˜i(0)(p), |∇kRm|˜hi(0)(p)
}
≤ C(k,m), ∀k ∈ Z+ ∪ {0} , p ∈ S ,
max
{
|Rm|
˜hi(0)(o), |Rm|g˜i(0)(o)
}
≥ e−2δ0 ,∣∣∣∣∣log |Rm|˜hi(0)(o)|Rm|g˜i(0)(o)
∣∣∣∣∣ ≥ 12δ0.
(12)
Therefore we can take smooth convergence in the Cheeger-Gromov sense:
(S , o, g˜i(0)) C.G.C
∞
−→ (S ′, o′, g′), (13)
(S , o, ˜hi(0)) C.G.C
∞
−→ (S ′′, o′′, g′′). (14)
Define Fi to be the identity map:
Fi :(S , o, g˜i(0)) 7→ (S , o, ˜hi(0)),
x 7→ Fi(x) = x.
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In view of the third property, i.e., e−ǫi gi(0) ≤ hi(0) ≤ eǫigi(0), we see that∣∣∣∣∣∣log
d
˜hi(0)(x, y)
dg˜i(0)(F−1i (x), F−1i (y))
∣∣∣∣∣∣ =
∣∣∣∣∣∣log
dg˜i(0)(x, y)
d
˜hi(0)(Fi(x), Fi(y))
∣∣∣∣∣∣ =
∣∣∣∣∣∣log
dg˜i(0)(x, y)
d
˜hi(0)(x, y)
∣∣∣∣∣∣ ≤ ǫi → 0, ∀ x, y ∈ S .
(15)
Therefore, we see that Fi converges to an isometry map F∞:
F∞ : (S ′, o′, g′) → (S ′′, o′′, g′′); F∞(o′) = o′′.
Since both (S ′, o′, g′) and (S ′′, o′′, g′′) are smooth geodesic balls, a theorem of Calabi-Hartman
[3] says that such an isometry F∞ must be smooth. Clearly, we have
|Rm|g′(o′) = |Rm|g′′(o′′). (16)
However, by the smooth convergence equations (13) and (14), and the last two inequalities of
condition (12), we obtain
max
{
|Rm|g′(o′), |Rm|g′′(o′′)
}
≥ e−2δ0 ,
∣∣∣∣∣∣log
|Rm|g′(o′)
|Rm|g′′(o′′)
∣∣∣∣∣∣ ≥
1
2
δ0.
In particular, we obtain |Rm|g′(o′) , |Rm|g′′(o′′), which contradicts to equation (16). This contra-
diction establish the proof of Proposition 2.1. 
Proof of Theorem 1. After we obtain Proposition 2.1, (1) and (2) follows from Proposition 2.1
trivially. The proof of Theorem 1 follows from the same argument as Theorem 3.1 of [16]. We
shall be sketchy here. Let ǫ0 = ǫ(m, log 2) = ǫ0(m) as in Proposition 2.1, ti be the first time such
that Q(t) = 2i. By the Gap property in Proposition 2.1, we obtain that
∫ ti+1
ti
P(t)dt > ǫ0.
Choose N such that 2N ≤ sup
t∈[0,K]
Q(t) < 2N+1. It follows that
∫ K
0
P(t)dt ≥
∫ tN
0
P(t)dt > Nǫ0, ⇒ N <
∫ K
0 P(t)dt
ǫ0
, ⇒ sup
t∈[0,K]
Q(t) ≤ 2N+1 < 2
∫ K
0 P(t)dt
ǫ0
+1
.

In order to prove Theorem 2, we need to prove the following lemma first.
Lemma 2.1. There is a constant δ0 = δ0(m) such that the following properties hold.
Suppose {(Xm, g(t)),−1 ≤ t ≤ 0} is a Ricci flow solution on the complete manifold Xm, |Rm|g(t) ≤
δ0 whenever x ∈ Bg(t)(x0, δ−10 ), t ∈ [−1, 0]. Then
sup
Bg(0)(x0 , 12 )×[− 12 ,0]
|Ric| ≤ δ−10 ‖R‖
1
2
L∞(Bg(0)(x0 ,10)×[−1,0]). (17)
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Proof. Choose δ0 small enough. It will be determined later that how small δ0 is.
Identify Tx0 X with Rm. Let ϕ be the exponential map from Tx0 X to X under the metric g(0).
Since |Rm|g(0) ≤ δ0 << 1m2 , the conjugate radius of g(0) at x0 is far greater than 100. Therefore, ϕ is
a local diffeomorphism from Ω = B(o, 100), the geodesic ball of radius 100 on Tx0 X, to ϕ(Ω) ⊂ X.
Define g˜(t) = ϕ∗(g(t)) for every t ∈ [−1, 0]. Clearly, in jg˜(0)(x0) ≥ 100. Moreover, by the estimates
of Jacobi fields’ lengths, we obtain that
Volg˜(0)
(
Bg˜(0)(x0, r)
)
≥ 1
2
ω(m)rm, ∀ 0 < r ≤ 100,
where ω(m) is the volume of the standard unit ball in Rm.
It is not hard to see that {(Ω, g˜(t)),−1 ≤ t ≤ 0} is a Ricci flow solution. It satisfies the following
properties if we choose δ0 = δ0(m) very small.
• |Rm|g˜(t) ≤ δ0 << 1m2 whenever x ∈ Bg˜(t)(x0, δ−10 ), t ∈ [−1, 0].
• (Bg˜(0)(x0, 100), g˜(t)) has a uniform Sobolev constant σ(m) for every t ∈ [−1, 0].
• in jg˜(t)(x0) ≥ 3 uniformly for every t ∈ [−1, 0].
Therefore, the argument in Theorem 3.2 of [16] applies. We have
sup
Bg˜(0)(x0 , 12 )×[− 12 ,0]
|Ric| ≤ C‖R‖
1
2
L∞(Bg˜(0)(x0 ,10)×[−1,0]).
Note that g˜(0) is the metric lifted from g(0). Therefore, ϕ(Bg˜(0)(x0, r)) = Bg(0)(x0, r) whenever r is
less than the conjugate radius of x0 under the metric g(0), which is far greater than 100. It follows
that
sup
Bg(0)(x0 , 12 )×[− 12 ,0]
|Ric| = sup
Bg˜(0)(x0 , 12 )×[− 12 ,0]
|Ric|
≤ C(m)‖R‖
1
2
L∞(Bg˜(0)(x0 ,10)×[−1,0])
= C(m)‖R‖
1
2
L∞(Bg(0)(x0 ,10)×[−1,0])
≤ δ−10 ‖R‖
1
2
L∞(Bg(0)(x0 ,10)×[−1,0]).
So we finish the proof of Lemma 2.1. 
Proof of Theorem 2. By rescaling, we have the following equivalent property of Lemma 2.1.
Suppose
{
(Xm, g(t)),−δ40 ≤ t ≤ 0
}
is a Ricci flow solution on the complete manifold Xm, |Rm|g(t) ≤
δ−30 whenever x ∈ Bg(t)(y0, δ0), t ∈ [−δ40, 0]. Then
sup
Bg(0)(y0 , δ02 )×[−
δ40
2 ,0]
|Ric| ≤ δ−30 ‖R‖
1
2
L∞(Bg(0)(y0,10δ0)×[−δ40 ,0])
. (18)
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For every y0 ∈ Bg(0)(x0, 12 ), t ∈ [− 116 , 0], we have
|Ric|g(t)(y0) ≤ δ−30 ‖R‖
1
2
L∞(Bg(t)(y0 ,10δ0)×[t−δ40 ,t])
≤ δ−30 ‖R‖
1
2
L∞(Bg(0)(x0 ,1)×[− 18 ,0])
.
Let A(m) = δ−30 (m), we obtain
sup
Bg(0)(x0 , 12 )×[− 116 ,0]
|Ric| ≤ A‖R‖
1
2
L∞(Bg(0)(x0 ,1)×[− 18 ,0])
.

Before we prove Corollary 1, let’s first see the following gap inequality for Q on any ancient
solution:
lim inf
t→−∞ Q(t)|t| ≥
1
8 . (19)
Actually, by maximum principle, Q(t) satisfies the equation ∂
∂t
Q ≤ 8Q2. Choose t0 such that
Q(t0) > 0. Then for every t ≤ t0 ≤ 0, ODE comparison implies
Q(t) ≥ 1
8(t0 − t) + Q−1(t0)
.
Then (19) follows trivially from the above inequality.
If we regard −∞ as a singular time. Then (19) suggests that this singular time behaves similar
to a finite time singularity when Q(t)|t| is concerned. This observation inspires us to consider the
gap of P(t)|t| associated with the singular time −∞. Generally, such a gap may not exist. A trivial
example is the Ricci-flat Ricci flow solution on a K3 surface, where P(t)|t| ≡ 0. However, if we
assume Q(t)|t| is uniformly bounded, then such a gap does exist.
Proof of Corollary 1. The proof is similar to the case of finite time singularity, c.f. Theorem 1
of [16].
If this theorem failed, we could find an ancient solution such that
lim sup
t→−∞
Q(t)|t| < ∞, lim sup
t→−∞
P(t)|t| < ηǫ0.
for some positive number η < 1log 2 . Without loss of generality, we can assume
1
16|t| < Q(t) <
C0
|t| , P(t) <
ηǫ0
|t| , ∀ t ∈ (−∞,−1].
By a standard time selecting process, for every large positive integer number L > 0, we can find a
time tL < −L such that
Q(s) < 2Q(tL), ∀ s ∈ [tL − 18Q(tL) , tL]. (20)
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Applying a rescaling if necessary, Theorem 1 and equation (20) imply
Q(−1) < Q(tL)2
∫ −1
tL
P(t)dt
ǫ0
+1
.
Therefore, we have
Q(tL) > Q(−1)2−
∫ −1
tL
P(s)ds
ǫ0
−1
> Q(−1)2−
∫ −1
tL
η
|s| ds−1 = Q(−1)2−η log |tL |−1 = Q(−1)
2
|tL|−η log 2.
It follows that
C0 ≥ lim sup
t→−∞
Q(t)|t| ≥ lim
L→∞
1
2
Q(−1)|tL|1−η log 2 = ∞,
since tL ≤ −L and 1 − η log 2 > 0. Contradiction! 
Corollary 2 follows from Theorem 2, Corollary 1, and the fact that every shrinking soliton with
bounded curvature is a type-I ancient solution.
3 Volume Estimates
The following proposition is the motivation of Theorem 3.
Proposition 3.1. Suppose {(Xm, g(t)),−1 ≤ t ≤ 0} is a Ricci flow solution on a closed manifold
Xm, x0 ∈ X. Suppose also that
• −σ− ≤ R ≤ σ+ on Bg(0)(x0, 1) × [−1, 0].
• g(x, t) ≤ Λg(x, 0) for every t ∈ [−1, 0], x ∈ Bg(0)(x0, 1).
Then we have
Volg(0)
(
Bg(0) (x0, r)
)
≤ C(m, σ−, σ+,Λ)rm, (21)
for every r ∈ (0, 1]. The constant C(m, σ−, σ+,Λ) in equation (21) can be chosen as (4π) m2 eσ−+
σ+
3 +
Λ
4
.
Proof. Fix q ∈ Bg(0)(x0, 1), let γ be a shortest geodesic connecting q, x0 under the metric g(0) with
unit speed. Let a be the length of γ. Define a curve in space-time:
Γ : [0, τ¯] 7→ X × [−1, 0],
Γ(s) =
(
γ
(√
s
τ¯
a
)
, s
)
.
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Following the notation of [12], we can bound the reduced distance.
L(Γ) =
∫ τ¯
0
√
τ
(
R(Γ(τ)) + | ˙Γ(τ)|2
)
dτ
≤ σ+
∫ τ¯
0
√
τdτ +
∫ τ¯
0
a2
4τ¯
√
τ
|γ˙|2dτ
≤ σ+
∫ τ¯
0
√
τdτ + Λ
∫ τ¯
0
a2
4τ¯
√
τ
dτ
≤ 23σ+τ¯
3
2 +
1
2
Λa2τ¯−
1
2 .
⇒ L(q, τ¯) ≤ L(Γ) ≤ 23σ+τ¯
3
2 +
1
2
Λa2τ¯−
1
2 .
⇒ l(q, τ¯) ≤ 1
2
√
τ¯
L(q, τ¯) ≤ 1
3
σ+τ¯ +
1
4
Λa2τ¯−1.
LetΩ = Bg(0)(x0,
√
τ¯). Clearly, l(q, τ¯) ≤ 13σ+τ¯+ 14Λ inΩ. By the monotonicity of reduced volume,
we have
(4π) m2 ≥ ˜V(0) ≥ ˜V(τ¯) = τ¯−m2
∫
X
e−l(q,τ¯)dµq ≥ τ¯−
m
2 e−
1
3σ+τ¯− 14Λ Volg(−τ¯)(Ω),
which implies Volg(−τ¯)(Ω) ≤ e
1
3σ+τ¯+
1
4Λ(4πτ¯) m2 . On the other hand, evolution of volume under Ricci
flow yields
∂
∂t
Volg(t)(Ω) =
∫
Ω
(−R) ≤ σ− Volg(t)(Ω),
⇒ Volg(0)(Ω) ≤ Volg(−τ¯)(Ω)eσ−τ¯ ≤ e(
1
3σ++σ−)τ¯+ 14Λ(4πτ¯) m2 . (22)
Let r =
√
τ¯. Note that τ¯ = r2 ≤ 1. Proposition 3.1 follows from inequality (22). 
The idea of the previous proposition is quite simple: try to use reduced volume to estimate
volume. If we assume scalar curvature is uniformly bounded, it is not important to differentiate
the volume at different time slices. Therefore, the proof of Proposition 3.1 indicates the following
observation. It is sufficient to prove the volume upper bound by finding a nonnegative function wr
with the following properties.
•
∫
Bg(0)(x0 ,r) wrdµg(0) ≤ C1.
• wr ≥ C−12 r−m on the geodesic ball Bg(0)(x0, r).
In Proposition 3.1, e−lτ¯−m2 , which is the Jacobi of reduced volume, plays the role of wr (without
considering the difference of volume elements at different time slices). Generally, if such wr exists,
we have
Volg(0)
(
Bg(0)(x0, r)
)
C−12 r
−m ≤ C1,⇒ Volg(0)
(
Bg(0)(x0, r)
)
≤ C1C2rm. (23)
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Clearly, e−lτ¯−m2 approaches the fundamental solution at τ¯ → 0, for both the operator  = ∂
∂t − ∆
and its conjugate operator ∗ = ∂
∂τ
− ∆ + R. Since Rτ¯ → 0, the extra term R is not important
when we study the limit behavior. Therefore, there are two candidates for wr: the fundamental
solution of  and the fundamental solution of ∗. Inspired by the work of [2], we found that the
fundamental solution of  works. The function wr can be chosen as the fundamental solution of
w = 0 based at the point (x0,−r2).
Proof of Theorem 3. From the previous discussion, it suffices to prove the following properties.
• ∫
Bg(0)(x0 ,r)
w(·, 0) <
∫
X
w(·, 0) ≤ eσ−r2 . (24)
• In the ball Bg(0)(x0, r), we have
w(·, 0) ≥ (4π)−m2 · e−1− 13σ+r2−2
√
B+(σ−+ 13σ+)r2+m2 log 43 · r−m. (25)
Here w is the fundamental solution of w = 0 satisfying lim
t→−r2
w(x, t) = δx0 .
The first property follows from direct computation:
d
dt
(∫
w
)
=
∫
(∆w − Rw) =
∫
−Rw ≤ σ−
∫
w,⇒
(∫
w
)∣∣∣∣∣∣0 ≤
(∫
w
)∣∣∣∣∣∣−r2 e
σ−r2 = eσ−r
2
.
The second inequality is more complicated. We first need to show that w(x0, 0) is compara-
ble to r−m, then we apply a gradient estimate to show that w(x, 0) is comparable to r−m in the
geodesic ball Bg(0)(x0, r). Most of these estimates are available in the paper [2]. We only need
some modifications to match our condition. For the completeness, we give a sketchy proof here.
Claim 1. For every t ∈ (−r2, 0], we have
‖w(t)‖L∞ ≤
(
4π
(
t + r2
))−m2 · eB+σ−(t+r2). (26)
In particular, at t = 0, we have
‖w(0)‖L∞ ≤ (4π)−
m
2 · eB+σ−r2 · r−m. (27)
Let p(t) = r2−t , t ∈ [−r2, 0]. Clearly p(−r2) = 1, p(0) = ∞. Direct computation shows
(log ‖w‖Lp)′ = −p−2 p′ log
(∫
wp
)
+ p−1
(∫
wp
)−1 (∫
wp
)′
,
= −p−2 p′ log
(∫
wp
)
+
∫
wp
(
p′ log w + pw−1w′ − R
)
. (28)
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Let v be the normalization of w: v = A−1w
p
2 where A =
(∫
wp
) 1
2
. Then equation (28) reads
(
log ‖w‖Lp
)′
= p−2 p′
∫
v2 log v2 +
∫
v2w−1w′ − p−1
∫
Rv2,
= p−2 p′
∫
v2 log v2 − 4p−2(p − 1)
∫
|∇v|2 − p−1
∫
Rv2, (29)
where we use the fact w′ = ∆w in the deduction of (29). By the definition of p(t), we have
p−2 p′ = r−2, p−2(p − 1) = (t + r
2)|t|
r4
.
Equation (29) can be simplified as
r2
(
log ‖w‖Lp
)′
=
∫
v2 log v2 − |t|(t + r
2)
r2
∫ (
4|∇v|2 + Rv2
)
− t
2
r2
∫
Rv2
≤ B − m − m
2
log
(
4π|t|(t + r2)
r2
)
+
t2
r2
σ−. (30)
In the last step, we used the following proposition which follows from the definition of Perelman’s
µ-functional and our condition: For every θ ∈ (0, |t|] and every smooth function Ψ with
∫
X Ψ
2 = 1,
we have ∫
X
Ψ2 logΨ2 − θ
(
RΨ2 + 4|∇Ψ|2
)
≤ B − m − m
2
log(4πθ).
Integrate inequality (30) on both sides, we have
r2 log ‖w(0)‖L∞‖w(−r2)‖L1
≤ (B − m
2
log(4πr2))r2 + r4σ−,
which implies
‖w(0)‖L∞ ≤ ‖w(−r2)‖L1(4πr2)−
m
2 eB+σ−r
2
= (4πr2)−m2 eB+σ−r2 .
This finishes the proof of (27). Replacing r2 by r2 + t, we obtain (26). Therefore, we finish the
proof of Claim 1.
Claim 2.
w(x0, 0) ≥ (4π)−m2 · e− 13σ+r2 · r−m. (31)
Let u be the fundamental solution of
(
∂
∂τ
− ∆ + R
)
u = 0 such that lim
t→0
u = δx0 , where τ = −t.
Since
∫
X wu is a constant, it is easy to see that w(x0, 0) = u(x0, r2). Therefore, it suffices to develop
the lower bound of u(x0, r2).
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Let f = − log u− m2 log(4πτ). Applying Perelman’s Harnack inequality (Corollary 9.4 of [12])
for the fixed curve γ(τ) ≡ x0, we obtain
∂
∂τ
(√
τ f (x0, τ)
)
≤
√
τ
2
R(x0,−τ) ≤
√
τ
2
σ+, (32)
Note that f (x0, τ) ∼ dg(0)(x0 ,x0)τ = 0 as t → 0. Integrating (32) yields f (x0, r2) ≤
1
3σ+r
2
, which in
turn implies (31) by the definition of f and the fact that u(x0, r2) = w(x0, 0). So we finish the proof
of Claim 2.
By gradient estimate of w, c.f. Theorem 3.3 of [17], or Theorem 5.1 of [1], one has
w(x, 0) ≥ w(x0, 0)e
−d2(x,x0 ,0)
4|t0 | −
d(x,x0 ,0)√
|t0 |
·
√
log
supX×[t0 ,0] w
w(x0 ,0) , (33)
for every t0 ∈ (−r2, 0]. Let t0 = − r24 . When x ∈ Bg(0)(x0, r), by (26), (31), and (33), we obtain
w(x, 0) ≥ w(x0, 0)e−1−2
√
B+(σ−+ 13σ+)r2+m2 log 43
≥ (4π)−m2 · e−1− 13σ+r2−2
√
B+(σ−+ 13σ+)r2+m2 log 43 · r−m.
It follows that
Volg(0)
(
Bg(0)(x0, r)
)
≤ (4π) m2 · e1+(σ−+ 13σ+)r2+2
√
B+(σ−+ 13σ+)r2+m2 log 43 · rm ≤ C(m, σ−, σ+, B)rm.

Remark 3.1. Proposition 3.1 is purely local. Unfortunately, the metric bound condition is hard to
obtain. Theorem 3 is based on natural condition. However, we pay price by sacrificing the local
property. Both the upper bounds in Proposition 3.1 and Theorem 3 are not precise even if the Ricci
flow is flat. The requirement that X is closed can be dropped if we have good bounds of decaying
speed of fundamental solutions of  and ∗ at space infinity.
Proof of Corollary 3. Note that g(t) satisfies the normalized Ricci flow equation ∂
∂t
g = −Ric + g.
Without loss of generality, we assume T ≥ log 32 . Define g˜(s) =
(
1 − s
2
)
g
(
T + log
(
1 − s
2
)−1)
,
2
(
1 − eT
)
≤ s < 2. Clearly, g˜ is an unnormalized Ricci flow solution with g˜(0) = g(T ).
Suppose σ is the uniform bound of scalar curvature along g(t), then | ˜R| ≤ σ on M × [−1, 0].
Moreover, by the monotonicity and scaling property of the µ-functional along the Ricci flow, we
have
µ (g˜(t), θ) ≥ µ
(
g˜
(
2
(
1 − eT
))
, 2
(
eT − 1
)
+ t + θ
)
= µ
(
eT g(0), 2
(
eT − 1
)
+ t + θ
)
= µ
(
g(0), 2 + e−T (t + θ − 2)
)
,
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for every t ∈ [−1, 0] and θ ∈ [0,−t]. Note that
0 ≤ 2 − 3e−T ≤ 2 + e−T (t + θ − 2) ≤ 2 − 2e−T < 2,
lim
T→∞
2 + e−T (t + θ − 2) = 2.
Define −B = inf
0<τ≤2
µ(g(0), τ). Actually, −B can be chosen as close to µ(g(0), 2) as possible when-
ever T is very large. Therefore, we have the following conditions:
• −σ ≤ ˜R ≤ σ on M × [−1, 0].
• µ(g˜(t), θ) ≥ −B for every t ∈ [−1, 0] and θ ∈ [0,−t].
Therefore, Theorem 3 yields the desired volume ratio upper bound under metric g˜(0) = g(T ). 
Another application of Theorem 3 is to study the extension of Ricci flow whenever scalar
curvature is uniformly bounded. Suppose {(Xm, g(t)),−1 ≤ t < 0} is a Ricci flow solution on a
closed manifold, whose scalar curvature is uniformly bounded by σ. Clearly, for every t ∈ [−1, 0),
θ ∈ (0,−t], we have µ(g(t), θ) ≥ µ (g(−1), 1 + t + θ) > −B for some constant B. Therefore, since
lim
t→0
Volg(t)(X) ≥ e−σ Volg(−1)(X) > 0, Theorem 3 can be applied to show that lim
t→0
diamg(t)(X) > 0,
which is a positive evidence of the problem which claims that the Ricci flow can be extended
whenever scalar curvature is uniformly bounded. This will be discussed in the future.
References
[1] Xiaodong Cao, Richard Hamilton, Differential Harnack estimates for time-dependent heat
equations with potentials, Geom.Funct.Anal., 19(4):989-1000, 2009.
[2] Xiaodong Cao, Q.S.Zhang, the conjugate heat equation and ancient solutions of the Ricci
flow, arXiv:1006.0540.
[3] E.Calabi and P.Hartman, On the smoothness of Isometries, Duke Math Journal, Vol.37, 1970,
741-750.
[4] Jeff Cheeger, Mikhail Gromov, Michael Taylor, Finite propagation speed, kernel estimates
for functions of the Laplace operator, and the geometry of complete Riemannian manifolds,
J.Differential geometry, vol.17(1982), 15-53.
[5] Bennett Chow, Peng Lu, Lei Ni, Hamilton’s Ricci Flow, Graduate Studies in Mathematics,
77. American Mathematical Society, Providence, RI; Science Press, New York, 2006.
[6] Xiuxiong Chen, Bing Wang, Space of Ricci flows(I), arXiv: 0902.1545.
[7] M.Gromov, J.Lafontaine, P.Pansu, Structures me´triques pour les varie´te´s riemanniennes,
Cedic, Paris, 1981.
[8] R.S.Hamilton, A compactness property for solutions of the Ricci flow,
Amer.J.Math.117(1995) 545-572.
13
[9] Dan Knopf, Estimating the trace-free Ricci tensor in Ricci flow, Proc.Amer.Soc.,
137(9):3099-3103, 2009.
[10] Hao Zhao Li, Gap theorems for Ka¨hler-Ricci solitons, Archiv der Mathematik, 91(2008),
187-192.
[11] Ovidu Munteanu, Mu-Tao Wang, the curvature of gradient Ricci solitons,
arXiv:1006.3547v1.
[12] Grisha Perelman, The entropy formula for the Ricci flow and its geometric applications,
arXiv:math.DG/0211159.
[13] Natasa Sesum, Curvature tensor under the Ricci flow, Amer. J. Math. 127(2005), no. 6, 1315-
1324.
[14] Wan-Xiong Shi, Deforming the metric on complete Riemannian manifolds, J.Differential
Geometry, 30(1989), no.2, 303-394.
[15] Bing Wang, On the conditions to extend Ricci flow, Int Math Res Notices (2008), Vol.2008.
[16] Bing Wang, On the conditions to extend Ricci flow(II), Int Math Res Notices (2011),
doi:10.1093/imrn/rnr141.
[17] Qi S. Zhang, Some gradient estimates for the heat equation on domains and for an equation
by Perelman, Int.Math. Res. Not., ID 92314, 39, 2006.
[18] Qi S. Zhang, Bounds on volume growth of geodesic balls under Ricci flow,
arxiv.org/abs/1107.4262.
Xiuxiong Chen, Department of Mathematics, University of Wisconsin-Madison, Madison, WI
53706, USA; xiu@math.wisc.edu
Bing Wang, Department of Mathematics, Princeton University, Princeton, NJ 08544, USA;
bingw@math.princeton.edu
14
